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RESEARCH MEMORANDUM 


AN ANALYTICAL STUDY OF SIDESLIP ANGLES AND VERTICAL-TAIL 
LOADS IN ROLLING PULLOUTS AS AFFECTED BY SOME 
CHARACTERISTICS OF MODERN HIGH-SPEED 
AIRPLANE CONFIGURATIONS 
By Ralph W. Stone, Jr. 

SUMMARY 


The rolling-pullout maneuver has been shown to be pertinent and 
possibly critical to the design of the vertical tail with regard to the 
loads produced on it . The trends in airplane configurations and mass 
distributions have been such as to emphasize the critical nature of the 
maneuver, and more exact calculations of the maneuver for adequate estima- 
tions of the vertical-tail load appear to be required. Because extensive 
studies of the maneuver are not available and necessary calculations of 
such maneuvers depend on the stability and control derivatives used, an 
analytical study was undertaken to assess the significance of various 
yawing-moment stability derivatives on the sideslip angles attained in 
rolling pullouts . Some effects of oscillations in the sideslip angle 
during a rolling pullout on the variation of the vertical-tail load were 
also studied. 


The results of this investigation indicate that the directional- 
stability derivative C n is the most critical of the yawing-moment 

P 

stability derivatives with regard to an adequate estimation of the 
vertical-tail load. Hie adverse yawing-moment coefficient due to aileron 
deflection ( S„\, the yawing-moment coefficient due to rolling 



and the coefficient of the damping in yaw 


M 


are less critical 



a* accurate eet^tton * «. verttcaX-tatX Xoa* t*» % — 

given. For airplane configurations and mass distributions different than 
those studied, some of these derivatives may be more critical, and expres- 
sions for estimating the effects of possible changes or errors in these 
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derivatives on the maximum angle of sideslip are included . As has been 
noted in the past, the mass distribution of modem high-speed airplanes 
has an important effect on the maximian sideslip angles attained in rolling 
pullouts and its influence cannot be neglected. In rolling pullouts an 
oscillation in the sideslip angle which is influenced by piloting tech- 
niques is set up and peaks in the oscillation of sideslip* angle subsequent 
to the first may cause larger vertical-tail loads than the first. 


INTRODUCTION 


The rolling -pullout maneuver (any maneuver in 'which rolls occur 
during high g flight conditions) has been sho*wn to be pertinent to design 
considerations from the standpoint of the loads produced on the vertical 
tail (refs. 1 to 3) . The more recent work related to this flight condi- 
tion (ref. 3) has indicated that for modem high-speed airplanes, partic- 
ularly those with mass distributed primarily along the fuselage, the 
simplified expressions used in the past (ref* 2) for adequately estimating 
the maximum sideslip angle in a rolling pullout generally are not appli- 
cable and that-more complete methods of estimating the sideslip angle 
and vertical-tail load are necessary. 

Recently some concern has been indicated as to the degree of accuracy 
needed in estimating or measuring the stability and control derivatives 
used for calculating rolling-pullout maneuvers so that the, variations in 
sideslip angle and vertical-tail load may be estimated with sufficient 
accuracy. In order to luiderstand this problem better, the results of an 
analytical study of the effects of large variations of some of the lateral- 
stability-derivative coefficients on the maximum angle of sideslip at the 
first peak of its oscillation are presented in this paper. Also, expres- 
sions for estimating the effects of small variations of or errors in 
these coefficients on the maximum sideslip angle have been developed and 
-are presented. This analytical study was made for a modem high-speed 
airplane in a 6g rolling-pullout maneuver . Three different mass distribu- 
tions were considered in the study. 

Some concern has also been indicated recently regarding the oscilla- 
tions in the sideslip angle and as to whether larger sideslip angles and 
vertical-tail loads might be encountered in such oscillations subsequent 
to the time of the first peak. Although the problem seems to be closely 
associated with piloting techniques used the results of a study of some 
factors influencing these oscillations are; also included in this paper . 
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COEFFICIENTS AND SYMBOIS 


The motions presented herein were calculated primarily about the 
stability system of axes . A diagram of these axes showing positive 
directions of the forces and moments is presented in figure 1. 


lift coefficient. 


ifjr 2 s 


lateral- force coefficient. 




T * 

rolling-moment coefficient, - — =- — 


m 


pitching-moment coefficient. 


M 


ipV 2 Sc 


yawing-moment coefficient. 


2 

N 


|pV%b 



5 a 


L 

Y 


L' 


M 

N 

S 

b 

P 


increment of rolling-moment coefficient caused by 
.aileron deflection 

increment of yawing-moment coefficient caused by 
aileron deflection 

lift, n¥, lb 
lateral force, lb 
rolling moment, ft -lb 
pitching moment, ft-lb 
yawing moment, ft-lb 
wing area, sq ft 
wing span, ft 
air density, slugs /cu ft 
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■^xz 

M- 
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W 

S 
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a 

P 


n 

u,v,w 

6 

* 

S* 

0 or p 
0 or i 
^ or r 

3 


velocity, ft /sec 


moments of inertia about X, Y, and Z principal axes, 
respectively, slug-ft 2 

moments of inertia about X, Y, and Z stability axes, 
respectively, slug-ft 2 

product of inertia (positive -when principal axis is 
inclined above flight path) , slug-ft 2 

relative density coefficient based on span, m/pSb 

mass of^ airplane, W/g, slugs 

weight of airplane, lb 

acceleration due to gravity, 52 .2 ft/sec^ 

normal acceleration divided by acceleration due to 
gravity 

angle of attack /tan -1 ^ in body system of axes ) , deg 


angle of sideslip, sin - '*' radians except when 
otherwise noted 

inclination of principal longitudinal axis of inertia 
with respect to flight path, deg 

components of velocity V along the X, Y, and Z body 
axes, respectively; v is also component of V along 
Y stability axis, ft /sec 

angle of pitch, radians 

angle of yaw, radians 

angle of roll, radians except when otherwise noted 

rolling angular velocity, radians/sec 

pitching angular velocity, radians /sec 

yawing angular velocity, radians /sec 

rate of change of angle of sideslip with time 
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0 






dp 


BCy 

% = sT 




2V 



2V 




^Cn 

^rb 

2V 


rate of change of rolling angular velocity "with time 
rate of change of yawing angular velocity with time 


METHODS OF ANALYSIS 

Analysis of Influence of Stability Derivatives 


This analysis was based on a treatment of the three linear lateral 
equations of motion. The effects of cross coupling of inertia moments 
which occur in rolling motions during pitching maneuvers, however, were 
included by assuming a constant pitching velocity to exist for any one 
calculation . By assuming a constant pitching velocity the cross-coupled 
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inertia moments, as influenced by pitching in the lateral equations, 
could be included in the lateral equations and these equations would 
still be linear . The cross-coupled inertia terms appearing in the 
yawing and rolli n g equations are, respectively, 

(i x - I*)# 

and 

(h - x z) 

• i i 

These terms are thus only functions of y and iff (assuming constant 0) 
and were included as additions to the CL, and C 7 terms in the linear 

T *r 

lateral equations . These equations so modified are 


^ + ** - [v K + r)i + v3 f v%b ■ ° 


I Z ? tW-IF M (c £Uc 

Z, xz^ [“n p H \ np P y 2g b V 27 “r 2V n | 


6, 


(la) 


H. v%b = 0 

2 


mV 


(p + *) - (t * + v) I T% - 0 


(lb) 


(lc) 


As is evidenced in reference 3, however, the pitching velocity 
generally is not constant, particularly in rolling p ullo uts - The method 
outlined above, therefore, is only indicative of the effects of cross 
coupling of inertia terms and does not give precise results . 


In equation (lc) the term ^ V^S represents the weight of the 

airplane and 0 is a substitution for sin 0 necessary for linearization 
of the equations. This later substitution common to all lateral-stability 
work is only approximate for the work treated in this paper where the 
^ angle of roll 0 at the time of maximum sideslip angle j3 is of the 
~ order of from L0° to 60° . In addition it is assumed that the aerodynamic 
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derivatives expressed as partials are adequate forthe large motions 
experienced during the rolling-pullout maneuvers . 


Analysis of Effects of Oscillation 

This analysis was based partly on a calculation of a 6g rolling 
pullout by the use of a step-by-step procedure presented in reference 3* 
For this calculation it was also believed that a variation in velocity 
or dynamic pressure should be considered in that an airplane would be 
slowing down because of the high drag associated with high g flight. 

This change in velocity was est ima ted on the basis that a deceleration 
existed proportional to the increment of drag between lg and 6g flight . 
The velocity change was based on the equation 

m SI + £Cr. if fy = 0 

dt 2T 


from 'which 


£CppSV 0 t + 2m 

where V Q is the initial velocity. 

Additional analysis was based on the linear lateral equations of 
motion previously discussed (eqs . ( 1) ) , which were used to make calcula- 
tions for several different constant pitching velocities . 


CALCULATIONS 


The calculations presented in this paper are for a modern high-speed 
type of airplane having characteristics the same as those .of airplane A 
of reference 3- For all conditions calculated by the use of equations (l), 
constant angle of attack of 13° was vised. For the calculations to deter- 
mine the effects of variations in some of the stability derivatives, the 
airplane was assumed to be in a 6g pullout, as previously noted, at the 
time of rolling and a corresponding constant pitching velocity of 
0.179 radian per second was used. The calculations were made to deter- 
mine the value of the sideslip angle at the first peak of its oscilla- 
tion. Three" mass distributions were used, one in which the mass was 



heavily distributed along the fuselage 




one simulating the 
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mass distributions common in the past 


*Zc 


= 3 1 , and an intermediate - 


value 


= 6 


The stability and control coefficients* used for the 


calculations are presented in table I. The mass characteristics for the 
three mass distributions are presented in table II . The effects of varying 
the stability-derivative coefficients C n & a , and C v 


'V 


CL , and 

n p 7 


n r 


were determined for each of the three mass distributions • The variations 
used for these coefficients are presented in table I. These derivatives 
are those which have been considered generally important to the sideslip 
angle in rolling maneuvers in the past (ref. 2) . When calculating the 
effects of varying each of these coefficients, all the others were held 
constant at their basic values. 


In order to check on the possibility of having larger vertical-tail 
loads at peaks in an oscillation in the sideslip angle subsequent to the 
first, consideration was given to results presented in reference 5- These 
results (for a 6g rolling pullout) indicate a rapidly increasing value 
of sideslip angle subsequent to the first peak in p and at the end of 
a 90° roll. Since a pilot might roll further than 90°, these calcula- 
tions were extended past the second peak in the oscillation of p. As 
was previously noted, consideration of a possible change in velocity was 
also made. This calculation was based on the airplane basic condition 

listed in table I and for the mass distribution where = 12 (table II) . 


In order to understand better the oscillations in sideslip angle 
and how they are affected by pitching velocity as exists in a pull- 
out' or high g maneuver, the effects of increasing the pitching veloc- 
ity 0 in equation (l) were also investigated. Pitching velocities of 
from 0 to O .716 radian/sec were investigated. The conditions for these 
calculations were for the airplane having the basic coefficients listed 


!5o_ 

X Xo 


12 . 


in table I and for the mass distribution where 
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RESULTS AND DISCUSSION 

Some General Considerations of Sideslip in Rolling Maneuvers 


Since the mass distribution of modern airplanes has been shown to 
have an important effect on the sideslip angle in rolling 4 maneuvers 
(ref. 5) *and the mass distribution was apparently of only secondary 
importance for airplanes of World War II type with regard to sideslip 
in rolling maneuvers (refs. 1 and 2), some simple general considerations 
concerning the variations in sideslip are presented herein to aid in 
understanding the problem before the results of this paper are presented. 
Qualitative variations in sideslip for different airplane conditions are 
shown in figure 2. If in the absence of other aerodynamic forces and 
moments a rolling moment was applied about the X stability axis and if 
all moments of inertia were very large except for the rolling moment of 
inertia ^I^^, the airplane would roll about its . X principal axis such 

that the variation in 3 would be approximately sin ^ and at 90 ° 
of roll the angle of sideslip would be equal to t[ (the original angle 
of attack of the principal axis) , whereas this original angle of attack 
would go to zero. This fact, however. Is only part of the problem in 
that aerodynamic yawing moments are also acting- If the airplane had no 
directional stability (0 no = 0^ but had adverse yawing moments such as 

^C^ 5^ , rolling (c 2^-) and cross- 

Hp 2V/ 


V 




exist from aileron deflections 


(' 


' I V a )’ 


coupled inertia moments j^I x ” Increments in 3 would be added 

to the variation, r\ sin $ such that the upper curve of figure 2 would 


be obtained. Directional stability 


(%) 


will reduce the sideslip angle 


from that given by the upper curve and cause an oscillation in 3 . 
Increasing amounts of directional stability reduce the amount of sideslip 
at *the first peak as shown in figure 2. The first peak in 3 occurs at 
a time equal to about l/2 the period of the natural lateral oscillation 
of the airplane. Increasing values of directional stability f C \ 

V w 

reduce this time so that the first peak in 3 occurs at a time when 
less possible ultimate 3 exists; in addition, more yawing acceleration 
to reduce 3 prior to Ihis time is provided. 


As previously noted, upon application of a rolling moment about the 
X stability axis and in the absence of other aerodynamic forces and 
moments, the variation of the sideslip angle would approximate T] sin ^ 
only if the moments of inertia I ^ and Iy Q were very large relative 

to 1^, and if the angle of attack went to zero at 90° of roll. If, 



10 


NACA EM L 53 G 21 


however, the pilot maintained a constant angle of attack during the 
rolling maneuver, then for the conditions of an applied rolling moment 
about the X stability axis, in the absence of other aerodynamic forces 
and moments, as previously discussed, the variation of (3 would be 


approximately 



(see appendix A) rather than T) sin 0 . This would 


be the case for any mass distribution even where I17 and Iv were not 

*0 

large relative to 1 ^. Under these conditions, the effects of the' yawing 
moments just discussed with relation to the variation ti sin would be 
added in the same sense to -^ 2 . <&. Variations of for the mass- 

iz I Z 


distribution conditions treated in this paper are shown in figure 3. 


Presentation of Results 

Hie results of the calculations showing the effects on the angle 
of sideslip, at the first peak, of variations in the yawing-stability 
derivatives are shown in figures 4 to 7 - The effects of changes in the 
directional-stability derivative C with relation to some general 

n p 

considerations previously discussed are shown in figure 8. 

The results of the calculations which were extended to show the 
effects of oscillations in sideslip are shown in figure 9 - The results 
of calculations showing the effects of increasing values of pitching 
velocity on the lateral oscillations as affected by cross-coupled inertia 
moments are shown in figures 10 and 11. 


Effects of Variation of Some Lateral-Stability Coefficients 

For the convenience of the reader who may find it necessary to make 
estimations of stability derivatives for calculating rolling -pullout 
maneuvers and vertical-tail loads, a list of references (refs. 4 to 1 6) 
is included. These references indicate procedures for estimating deriva- 
tives for both subsonic and supersonic conditions and include experimental 
results for some recent measurements of directional-stability derivatives 
at supersonic speeds . 

Effect of .- The effects on the maximum angle of sideslip shown 
P 


for an extreme variation in 


C (0 to -0.26) are not large for the 
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configuration and mass distributions investigated (fig. k) . The incre- 


mental effects of C 


Hp 


are about the same for each of the three mass 


distributions (approximately 2/3° for the range of C n ^ studied ) ; however 
as a percent of the total sideslip angle the effects becofae larger as the 


mass distribution changes from 


X Zp 

J Xo 


= 12 to 3 . In calculating rolling 


motions to estimate the sideslip angle and vertical- tail load an estima- 
tion or measurement of C , therefore, is more critical for cases -where 

V 

the mass is distributed more evenly along the wings and fuselage than 
for cases where the mass Is distributed primarily along the fuselage . 

In addition previous studies (ref. 2) for World War II type airplanes, 
for which the mass distributions were such that was 

order of 3 or less and for which the wing had a more dominant influence 

on the stability derivatives than do the low-aspect-ratio wings of current 

airplanes, indicated that C had an even more important influence on 

np 

the maximum sideslip angle than for the conditions presented herein. 


In C 


An expression for use in evaluating the effects of possible errors 
ln P 


AP = - 


pVSb £ 

hiv. 


i 


L P ^max 


max 


Is developed in appendix A and should be applicable to the general case. 
An application of the expression to the cases shown in figure 4 gives 
Increments in 0 almost the same as are given by the complete solutions 


of 'figure 4, 


The effects of very large increments in C , as might he 

T 


introduced artificially for auxiliary damping of lateral motions (see 
ref. 17 ), cannot be estimated by this simple expression. 


Effect of C 6 a «- The effects on the maximum sideslip angle of a 
§a 


(0 to - 0 . 0070 ) became larger as 
the mass distribution was changed from = 12 to 3 (fig. 5 ) • The 


relatively large variation in 

&a a 




total increment for the entire variation of C. 


20 percent and JO percent maximum 0 at C 


n 5, 


,n 6 £ 

8 „ = 


represented about 


-°) 


for the mass 
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distributions •when 1 


oA 


J o/ "o 

tions or measurements of C. 


Z /^X was &n<i 5* respectively. Thus estima- 


n 6 a are more critical in estimating the 


vertical-tail load for mass distributions where the weight is distributed 
along both the wing and fuselage than for mass distributibns where the 
weight is primarily along the fuselage . For World War II type airplanes 

C n S & has been shown to have an even more important influence on maxi- 
o c 




mum 0 (ref. 2) than is shown for the case where —^2* = 3- 


The expression developed in appendix A 


A3 = - 


pV^Sb 

2I Z 


Z5Cn 6 a 8a 



2 


is applicable to the general case for estimating possible effects. of 
errors in & a . An application of the expression to the cases shown 

in figure 5 gives a conservative estimate of a possible error, when this 
error is in a direction to increase (3 max . 


Effects of C 

>V 


The damping derivative 



has been shown not 


to be an important factor in previous simplified expressions for estimating 
the maximum sideslip angle in rolling maneuvers (refs . 1 and 2) . The 

results shown in figure 6 of the effects of large variations in C n 

A u* 


substantiate this point. 


Variations of 



from - 1.090 to - 0.2725 


did not appreciably affect the sideslip angle for any of the mass distri- 
butions. An expression for estimating possible effects of errors in C n ^ 


is included in appendix A. This study was not sufficiently extensive to 
cover the possible case of large damping obtained by artificial means 

which might be used for some airplanes . The effects of C may not be 

"r 

small, for such cases. 


Effects of C n .- Changes in the directional-stability derivative 


C had a very large effect on the maximum sideslip angle for all mass 
distributions (fig. 7 ) • This result is in agreement with previous studies 
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(refs . 2 and 3 ) -which indicate a dominant influence of . Variations 

P 


in C„ were most critical for the mass distribution for which — ^ 2 - = 3. 
n - ^ 


For this mass distribution, reducing C n to one-fourth Its value increased 

P 

the maxlitrum sideslip angle by 2 ^ times. For the mass distribution where 
— 2. a= 12, the maximum sideslip angle was increased by only 65 percent. 

T Xo 

The maximum sideslip angle, therefore, is not inversely proportional to 
C n as previous simplified expressions (ref. 2 ) might indicate. The 

P 


proximity to inverse proportionality becomes less as mass is distributed 
more along the fuselage . Thus, larger values of directional, stability, 
although leading to smaller sideslip angles, do not necessarily lead to 
smaller vertical-tail loads in rolling maneuvers . For example, the air- 
plane used in these calculations has unstable wing-fuselage directional 
stability C n = - 0 . 0015 . If in reducing C from O.OO65 to 0.0016 
0 0 


the assumption is made that only the area of the tail is changed in pro- 
portion to the change in the required contribution to directional sta- 
bility of the tail, then the load carried on the normal tail 


(% 


= 0.0065j 


at maximum p (5 -08 3 ) when the mass is distributed mainly along the 

tea. ' 


fuselage 


^Xo 


12 will be about 1— times the load carried on a small 


tail 1 C = 0.00l6\ at its maximum p (8.37°) for the same mass distri- 

V p 1 

bution. If on the other hand the maximum sideslip angles were inversely 
proportional to the directional-stability derivative C n , as they tended 

P 


to be for World War II type airplanes and mass distributions, the large 
tail, for this case, would have carried a load of about 65 percent of 
that of the small tail. 


Because of the very dominant role of C n no attempt has been 

P 

made to develop an expression to determine the effect of possible errors 
in it. Relatively high accuracy in measuring or estimating C n appear 

P 
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essential to a reasonable estimation of maximum sideslip angle and the 
vertical-tail load. 


Figure 8 shows the variations of 3, through its maximum value, with 
angle of roll 0 (-where is a time variable) in relation to the varla- 


tion (p and tj sin (p which were discussed previously as concepts 


of the variation of 3 based on the inertia characteristics of the air- 

I XZ _/ 

plane'. The relations of the variation of 3 with - — <j6 for each of 
the three mass distributions, each with three values of C n , are similar; 


whereas the variations of 3 with relation to -n sin 
sively as /i^ decreased from 12 to 3 * 

Of o 


0 

change progres- 


Effect of mass distribution .- The most noticeable effect shown in 
figures k to 7 is that of mass distribution. For the condition of large 
directional stability (C n = 0 . 0065 ') , in figures it- to 6 and for one 

\ 0 ) 

point in figure J, redistributing the weight from a value of the ratio 
I Z 

— Q- =3 to a value of 12 nearly doubles the maximum sideslip angle and, 
X *o 

thus, the vertical-tail load. This effect of loading is not included in 
the simplified expressions of references 1 and 2 and is a primary reason 
why these expressions do not adequately estimate the maximum sideslip 
single for modem high-speed airplanes . 


Effects of Oscillation in Sideslip Angle on Vertical-Tail Load 

The results of the calculations shown in figure 9 indicate that 
the vertical-tail load can be larger at the second peak of an oscilla- 
tion in the sideslip angle than at the first peak during a rolling pull - 
out . The results show a 20 -percent increase in the sideslip angle and 
an approximate 10 -percent decrease in dynamic pressure with a resulting 
increase in vertical-tail load of 10 percent. For these results the 
elevator was held fixed throughout"the maneuver. In the variation in 
velocity shown, no consideration is made of possible changes in thru 6 t 
or changes in gravitational force along the wind axis which might occur 
as the airplane reorients itself in space. 3he variation in velocity 
may therefore be unconservative . The angle of attack at the time of the 
second peak in 3 was somewhat larger than the angle of attack at the 
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start of the motion. This factor causes an increase in the sideslip 
angle . If a pilot attempted to maintain a constant angle of attack, 
forward motion of the stick would have been required at the time of the 
second peak in 3 . The reduced angle of attack and any changes in 
pitching velocity associated with forward stick motion would, of course, 
influence the magnitude of the sideslip angle at the second peak. No 
method exists, however, of evaluating what the piloting techniques in a 
rolling pullout will be, and thus whether the first or subsequent peaks 
in 3 are critical to the vertical-tail load depends on the individual 
case. It is believed that the effects of changes in the various stability 
derivatives previously discussed relative to the first peak in the oscilla- 
tion in 3 would also be applicable to subsequent peaks, but no proof 
of this belief has been attempted. 


Because of the possibility of larger vertical-tail loads at times 
in a rolling-pul lout maneuver subsequent to the time of the first peak 
in 3, a study of the effects of changes in pitching velocity on the 
oscillations of the sideslip angle was made. The results (fig. 10 ) show 
that the effect of increasing the. pitching velocity is to increase the 
sideslip angle at the first peak and reduce the stability (fig. ll) . 

This result is in agreement with results of reference 3 which showed 
that the inclusion of the effects of pitching increased 3 at the first 
peak. Positive stability exists # for all pitching velocities except for 
the largest pitching velocity (0 = 0.716 radian/sec) . The sideslip 
angle is larger at the second peak, however, for the case where 
0 = 0.557 radians/sec even though the airplane does have positive sta- 
bility. This is primarily the result of the non-oscillatory part of 3 
(fig. 10(b)) which increases positively with time when pitching exists. 
The variations in 3 which would exist if 3 was merely oscillating 
about zero are shown in figure 10(c) and indicate reduced values of 3 
at the second peak except for the unstable case. It Is conceivable 
that if the pitching velocity increased with time the variation of 3 
with time would tend to shift from one curve to another in figure 10(a) 
with the relative possibility of larger . sideslip angles at the second 
peak. If the angle of attack was all so allowed to increase with time 
the second peak could be larger by the mere expedient of tj sin <j or 



being larger than if the angle of attack remained constant. 


The 6g pullout condition treated in this paper has a pitching 
velocity of 0.179 radian/sec at the beginning of the motion. It should 
be pointed out however that the pitching velocity 8 is not uniquely 
defined by the normal acceleration in a rolling-pullout maneuver and 
it is possible that much larger values can exist when ro lling and side- 
slip are present. For the rolling -pullout case treated in reference 3 
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the pitching velocity (initially 0.179 radian/sec) reached a maximum of 
about O.Mt- radian/sec. A brief explanation of this effect is given in 
appendix B. 


CONCLUSIONS 


An analytical investigation of the effects of variations of the 
yawing-moment coefficients on the maximum sideslip angle during rolling 
pullouts and the effects of oscillations of the sideslip angle on the 
maximum vertical- tail load Indicates the following conclusions : 

1. Uhe directional-stability derivative C n is the most critical 

3 

of the yawing-moment stability derivatives with regard to an adequate 
estimation of the vertical-tail load. The adverse yawing-moment coeffi- 
cient due to aileron deflection ^C n 5 ^ , the yawing-moment coefficient 

due to rol l i n g ^C n and the coefficient of the damping in yaw ^ 

are less critical to an accurate estimation of the vertical- tail load 
than C in the order given. 

P 


2. For airplane configurations and mass distributions different 
than those studied, some of these derivatives may be more critical, and 
expressions for estimating the effects of possible changes or errors in. 
these derivatives on the maximum angle for the general case are included. 

3- As has been indicated in the past, the mass distribution of 
modern high-speed airplanes has an important effect on the maximum side- 
slip angles attained in rolling pullouts and its influence cannot be 
neglected . 

4. In rolling pullouts an oscillation in the sideslip angle which 
is influenced by piloting techniques is set up . As a result of this 
condition, peaks in the oscillation of sideslip angle subsequent to the 
first may cause larger vertical- tail loads than the first . 


Langley Aeronautical Laboratory, 

National Advisory Committee for Aeronautics, 
Langley Field, Va . , July 17 , 1953 « 
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APPENDIX A 

DERIVATION OF EXPRESSIONS FOR ESTIMATING EFFECTS OF DERIVATIVES 


The calculations presented herein are for a limited number of con- 
ditions and the results may not he generally applicable to every air- 
plane configuration or condition. Accordingly simple expressions have 
been developed to determine the possible effects of errors in some of 
the lateral-stability-derivative coefficients on the max imum sideslip 
angle for the general case. Hie development of these expressions is 
based on the assumption that variation of sideslip angle p with time 
has been calculated by complete methods and therefore that the maximum 
sideslip angle and the time to reach this angle are known. With this 
information known, the effects on the maximum sideslip angle of possible 
errors in the derivatives used to calculate the motion can be estimated 
approximately by these expressions . Certain limitations regarding these 
expressions are also given. 

From equation l(c) , by dividing by mV, rearranging, and integrating 
a value of p may be written as follows : 


•/;(& 


+ Cy P 

P 


sWfs _ 

J2i mV 


V 


dt 


(Al) 


where from equation l(b) (by similar procedures). 


H ( c 


n 


P 


p + C — + c & + C 5. 

n p 2V n r 2V \ a J 21, 


9 


iV%b 


L XZ 


-AXj .1 

- — 9 + 


*x - h 




dt 


(A2) 

Increments in p due to V in equation (Al) might therefore be 
obtained approximately by substitution of equation (A2) into equation (Al) 
as follows : 
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■which can be broken into component parts as, for example, 

,..r r\ 

( n p) J o J 0 n p OT 2I Z 


A3 


n "fc 

V ' a / > 1X5 


pV^Sb 
a 2I Z 


dt dt 


(Alf) 


(A5) 


Nov if the limits of these integrations are the time at which p mav 

occurs, increments in p, relative to P max , will be obtained. Further 

/ 

if it is presumed that some error in C n and C n 5 a exists /2C n 

6 a \ P 

and Z£ n 5 a ^ , then the effect of this error on the maximum value of p 
5 C 


in terms of an estimated increment in p 
can be obtained by the following equations : 


( AS (=%) and 


and. 


AP = _ pSb% ££ r f 

^np) 4I Z "pJq Jq 




d£ 

dt 


dt dt 


(a6) 


AP 


(^a 5 a) 


pSbV £ 

21 rr 


££, 




r^L 


dt dt 


(AT) 


where tp max is the time at which maximum p (at the first peak) occurs. 

In equation (A7) , 5 a is considered to be a constant and is thus removed 

from under the integral sign, because it is assumed that the ailerons 
are instantaneously set to a fixed deflection at zero time. 

Solution of equation (a 6) requires an expression for Equa- 

dt 

2 ri 

tion l(a) indicates that and therefore ^ is a rather complicated 

dt 2 dt 
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function . The integral 

>t n t 


r r^dtdt - r 


t ot 

0 ^0 


however is proportional to- the area under a curve of 0 against time. 
Thus an approximation giving the "best variation of $ with time to that 
originally obtained could be used. If as an approximation the rolling 
angular acceleration was assumed to be constant, then 


= k 

dt 2 


atf- Kt 

dt 


Kt 2 

2 


and. 


r r^dtdt.Kr r 

J o J n 4t J 0 J r 


t pt 

t dt dt = 

0 u 0 6 


Kt3 


With this assumption the definite integral 


r P ^ dt dt becomes 
^ 0 J 0 


dt 


r* r*u 

n J n It 


dt dt - fl ^ 


0 u 0 


and if limits of 0 and tp are used, then equation (A6) is 


max 


ap /*« \ = - £gfr- v £c n gL 

^ Cn Pj kl z p 3 


and integration of equation (A7) gives 




f^nB a Ba ) 


sSbV 2 

2IZ 


( tp y 


ACL 6 1 — sax. 
n S n a 


(A8) 


(A9) 


Equations (A8) and (A9) are the simple expressions presented in 
the body of this paper for use in evaluating the effects on (3 max of 
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possible errors in and C n 5 a . If the variation of <f> used in 

& 

2 

integrating equation (A 6) to obtain equation (A8) <f> - does not 

closely represent the variation actually obtained, some other variation 
such as = Kt might' be considered or the actual area under a curve 


of 


against time could be used. 


This approach may also be used to evaluate the effects of other 
factors in equation (AJ) in order to determine the effects of changes in 
I x - I Y , and C n . These effects may be expressed as 



r^Pmax n 4I XZ 
'o J 0 *Z 


(A10) 

40 177 _ . 

r^r 

* Mjx - *x). ejf at at 


|4^x “ x y 

)J ^ o ^ c 

) I z 



and if the same variation in $ as was used in equation (A8) is assumed. 




gix - 1 Y ) 


_ . A ( z x ~ i y) ■ 


Pmax 


(All) 


which would be true only if 0 was approximately constant and when the 
variations in 0 are subject to the same conditions indicated for equa- 
tion (A8) . Also, 


40 



££■ 


“r 


pSb 2 V 

bl Z 


' r Pmax r 
■in 


dt dt 


and if a variation in t of a form similar to that assumed for 0 is 
assumed and subject to the same limitations, the following equation is 
obtained: 


40 



4C, 
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pSb 2 V 

biz 


^Pmax 


max 


(A12) 
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All Increments presented presume that a motion has "been calculated 
by accurate methods and therefore that ^P max * and are 

known. It is further presumed that small changes in the derivatives, 
which would represent possible errors, have an approximately linear 
effect on the maximum sideslip angle. The conditions presented herein 
( figs . 1 to 6) indicate such an approximate linear effect for even rela- 
tively large changes in C n^ C n. S a' and C n . It should be noted, 

S„ r 

a 

however, that if the increments in the various derivatives considered 
are such as to cause appreciable changes in the period of the oscillatory 
motion of p and if in the expressions presented where integrals of (j( 
or its derivatives occur, the incremental change in the particular deriva- 
tive under consideration ^as for example C n j has an appreciable effect 

on the variation of (f with time, the expressions lose significance. 

Such changes in the variation of 0 would occur probably only if the 
real root of the characteristic equation denoting the damping in roll 
were appreciably affected by the incremental change in the derivative 
(see ref. IT) • In. any event It is believed that equations (A8) to (A12) 
may be used to give an approximate quantitative effect of reasonable 
errors in these derivatives . No attempt has as yet been made to evaluate 
the effects of possible errors in the stability derivatives relating to 
the rolling moment. 
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APPENDIX B 

EFFECT OF SIDESLIP AND ROLLING ON THE PITCHING VELOCITY 


The fundamental equation for the normal force is (Bl) 

Fg = m(w - uq + •vp) 

where u, v, and w are components of the velocity along the x, y, 
anil z axes, respectively, q is the pitching velocity, and p is the 
rolling velocity. In the stability system of axes, 

w = v = 0 

u = V cos 3 

v = V sin 0 


and 


q = 7 

where y is the rate of change of the flight-path angle . The force Fg 

in the stability system of axes is the sum of the aerodynamic lift L 
and the weight component along the Z-axis . Equation (Bl) thus becomes 

L - Wg = m(V cos 07 - V sin 0 p) (B2) 

If 0 is assumed to be approximately equal to sin 0 and cos 0 is 
assumed to be approximately 1, equation (B2) becomes 

7 = - - + 0p (B3) 


The sum of the angle of attack and flight-path angle equals the 
angle of pitch, and if the angle of attack is held constant, 9=7, 
so that 0, the pitching velocity, is equal to equation (B3) • Thus 
any positive value of 0p adds a centrifugal force to the lift which 
causes an increase in the pitching velocity even though the angle of 
attack and lift are held constant. 
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TABLE I.- COEFFICIENTS EMPLOYED FOR CALCULATIONS 


[Aerodynamic characteristics are referred to stability axes'] 





TABLE II.- MASS CHARACTERISTICS 


ro 

ON 




a Augle of attack assumed constant at 15°; tody and principal axes vere assumed 
to coincide. 
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Figure 3-- Variations of 0 vith 0 for a constant angle of attack 

n Iz 

of 13° for the mass distributions considered. Curve of tj sin 0 
included for comparison. 
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Figure t.- 


Effect of variations la CL 

°P 


on the angle of sideslip at 


the first peak of its oscillation. 
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Figure 5*- Effect of variations in Cng a 6a 0EL the an &'- e of sideslip 
at the first peak of its oscillation. 
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Figure 6.- Effect of variations in on the angle of sideslip at 

the first peak of its oscillation. ■ 
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(b) NonoBCillatory increment of 3 
Figure 10.- Continued. 
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(c) Oscillatory increment of P . 

Figure 10.- Concluded. 
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